ABSTRACT. A refined version of Manin's conjecture about the asymptotics of points of bounded height on Fano varieties has been developped by Batyrev and the authors. We test numerically this refined conjecture for some diagonal cubic surfaces.
INTRODUCTION
The aim of this paper is to test numerically a refined version of a conjecture of Manin concerning the asymptotic for the number of rational points of bounded height on Fano varieties (see [BM] or [FMT] for Manin's conjecture and [Pe1] or [BT3] for its refined versions).
Let be a smooth Fano variety over a number field ' are given by a smooth model of (see [Pe2] ). These data define a height P on the set of rational points % ¡
given by [BT2] (see [BT3] for a discussion of higher dimensional varieties).
Date: March 31, 1999 . 1991 secondary 14G05, 14J25. In this paper we focus on the constant t . On the one hand, there is a theoretical description t à ¡ £ ¢ ¥ ¤ t
where ¤ t n is a Tamagawa number associated to the metrized anticanonical line bundle [Pe1] , n is a rational number defined in terms of the cone of effective divisors [Pe1] and the integer ¢ is a cohomological invariant, which first appeared in asymptotic formulas in [BT1] .
On the other hand, let us consider a diagonal cubic surface f § ¦ © X C , rather than the whole adelic space.
Our goal is to compute the theoretical constant t n explicitely for certain diagonal cubic surfaces with and without obstruction to weak approximation and to compare the result with numerical data (with height h
). We observe a very good accordance.
In section 2 we define the Tamagawa number. This definition is slightly different from the one in [Pe1] , but the numbers coincide conjecturally. In sections 3, 4 and 5 we explain how to compute it. There is a subtlety at the places of bad reduction, notable at u , overlooked previously. In section 6 we compute the Brauer-Manin obstruction to weak approximation. And in section 7 we present the numerical results. These computations were made using a program of Bernstein which is described in [Be] . 
CONJECTURAL CONSTANT
be the invariant given by local class field theory normalized so that the sequence , at least for Del Pezzo surfaces. This has been proved, for example, by Salberger and Skorobogatov for a smooth complete intersection of two quadrics in
is not empty (see [SaSk] 
The Weil conjectures, proved by Deligne, imply that the adelic measure
Definition 2.4. The Tamagawa measure corresponding to
The Tamagawa number is defined by
The cohomological constant is given by . For any
The following result is well known in the setting of the circle method (see for example [Lac, proposition 1.14 ]) where it is generally proved using a Fourier inversion formula. It may also be deduced from a more general result of Salberger [Sa, theorem 2.13] . We prove it here in a direct and elementary way. 
This proposition follows from the next two lemmata. In fact, in the explicit computations, we shall only use lemma 3.2 and the first assertion of lemma 3.4. . We put ) )
. By (3) we have that for any
Therefore, the image of . We have chosen to avoid this computation by using a general formula valid for diagonal hypersurfaces. 
where " In this paragraph, using the work of Colliot-Thélène, Kanevsky and Sansuc [CTKS] , we shall compute the quotient t ¥ )
when is the diagonal cubic defined by the equation (4) 
But the Hochschild-Serre spectral sequence gives an exact sequence
and, since a map from a group killed by 3 to one killed by 2 is trivial, we obtain an isomorphism
By the proof of [CTKS, lemme 3, p , dividing (see [CTKS, p. 77] . This implies the result in this case.
NUMERICAL TESTS
The numerical tests for the number of points with bounded heights have been conducted using an efficient program of Dan Bernstein [Be] . We considered the following cubic surfaces
One can take for the open set e the whole surface , as there are no rational points on the exceptional curves. The graphs of i u p 9 rt are presented below.
Let us sum up the description of the theoretical constant. Let be a diagonal cubic over # defined by the equation (4) 
